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Abstract
Reductions from six to four spacetime dimensions are considered for a
class of supergravity models based on the six-dimensional Salam-Sezgin model,
which is a chiral theory with a gauged U(1)R R-symmetry and a positive
scalar-field potential. Reduction on a sphere and monopole background of
such models naturally yields four-dimensional theories without a cosmological
constant. The question of chirality preservation in such a reduction has been
a topic of debate. In this article, it is shown that the possibilities of dimen-
sional reduction bifurcate into two separate consistent dimensional-reduction
schemes. One of these retains the massless SU(2) vector gauge triplet arising
from the sphere’s isometries, but it produces a non-chiral four-dimensional
theory. The other consistent scheme sets to zero the SU(2) gauge fields, but
retains the gauged U(1)R from six dimensions and preserves chirality although
the U(1)R is spontaneously broken. Extensions of the Salam-Sezgin model to
include larger gauge symmetries produce genuinely chiral models with unbro-
ken gauge symmetries.
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1 Introduction
Applications of superstring and supergravity theories exploiting various special features
of the very rich supergravity model set have dominated phenomenological approaches to
physics beyond the Standard Model over the past three decades. Gauge symmetry pos-
sibilities, no-scale features, opportunities for supersymmetry breaking and other specific
features distinguish models within the landscape of possibilities. A striking feature of
many of these models is the way in which they can be obtained via the many pathways
of dimensional reduction from more uniquely defined theories in higher dimensions.
A powerful example of this is the way in which the various options for gauge symmetries
emerge from specific choice of reduction manifold [1, 2]. According to the choice of
manifold, upon which a corresponding group action may be defined, one may obtain
dimensionally reduced theories with compact or noncompact gaugings – the latter arising
from reduction on noncompact manifolds. This approach has been used, for example, to
obtain a seven-dimensional model with gauged SO(2, 2) symmetry which, after further
truncation and reduction to six dimensions, yields the chiral Salam-Sezgin [3] model with
a gauged U(1)R R-symmetry [4]. The Salam-Sezgin model has in turn been taken as a
key example of a theory that allows further reduction down to a four-dimensional theory
without a cosmological constant even after supersymmetry breaking, thus providing a
candidate solution to the cosmological constant problem [5].
The six-dimensional theory of the original Salam-Sezgin model suffers from anoma-
lies. However generalised constructions can be made giving anomaly-free extensions of
the Salam-Sezgin model [6, 7]. Many of these anomaly-free models can be related to
Horˇava-Witten type constructions [8] producing a class of 7D/6D models with gauged
R-symmetries, yielding in turn anomaly-free six-dimensional models on the boundary of
the seven-dimensional space [9].
The original Salam-Sezgin model [3] consisted of six-dimensional N = 1 supergravity
coupled to one tensor and one vector multiplet and considered a dimensional reduction
to four dimensions on a sphere and monopole background arising as a solution of the six-
dimensional field equations. This work maintained that a consistent reduction of the six-
dimensional theory on such a background can lead to a chiral theory in four dimensions. A
detailed dimensional reduction on this background was later carried out in [10], however,
where it was found that, although the reduction does lead to Weyl fermions in the reduced
theory, they are not gauge coupled in a complex representation of any gauge symmetry
group and accordingly the reduced theory turns out to be non-chiral. The question of
whether one may indeed obtain a chiral four-dimensional theory by dimensional reduction
in this way thus remained open and will be the main focus of the present article.
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The issue of chirality is often unclearly described in discussions about the intersection
of particle physics and gravity, so it is worth being more specific about what constitutes
a chiral theory, at least in the sense of particle physics. All Lagrangian field theories
are PCT-invariant, so if a chiral spinor field carries a complex representation under some
group G, its conjugate must carry the conjugate G−representation. An example of this is
found in the rigid R-symmetry representations carried by spinors in many supersymmetric
theories, e.g. N = 4 super Yang-Mills theory, where the left-handed spinors carry a
fundamental 4 representation of SU(4). This is not what would be considered a chiral
theory in particle physics, however. One expression of this non-chiral structure is the fact
that the N = 4 theory can be re-expressed in terms of Majorana spinors without violating
any of the essential physics of the theory – in a Majorana formulation the R-symmetry
reduces to SO(4), but the essential physics is unchanged. The key indications of chiral
structure lie in the interactions, not in free kinetic terms or in a summary account of
fields and representations. Thus, another expression of the non-chiral nature of N = 4
super Yang-Mills is the fact that the gauge couplings of the fermions are in the adjoint
representation, which is real.
In characterising chiral theories such as the Standard Model, it is clearest to discuss
chirality in terms of 4-component spinors. Then one often catalogues fields together
with charge-conjugated fields of a single chirality, e.g. left-handed SU(2) lepton doublets
together with the left-handed charge conjugates of right-handed SU(2) lepton singlets.
In a chiral theory analysed this way, the left-handed and the conjugated right-handed
spinor species transform in inequivalent representations and have different couplings to
other fields, e.g. gauge and Yukawa couplings. Another chiral possibility is one where the
left-handed charge conjugates of right-handed spinors are simply absent, e.g. for massless
Standard Model neutrinos, which are then purely left-handed. In any case, the Standard
Model is a chiral theory because the left-handed quarks and the left-handed charge-
conjugates of right-handed quarks carry different gauge SU(3) representations (3 versus
3¯), and so couple differently to the gluons – as well as carrying different SU(2) × U(1)
representations. The chiral nature of the Standard Model is also manifested in the Yukawa
interactions, which involve the left-handed and left-handed conjugates of right-handed
spinors quite asymmetrically.
If the left-handed and conjugated right-handed species have the same couplings, the
theory is considered non-chiral or “vectorlike”. Another way of characterising a non-
chiral theory is one in which the spinors can all be rewritten as Majorana spinors without
violating any gauge symmetries or other interaction structure.
For the above reasons, the non-gauged complex R-symmetry representations carried
by chiral spinors in supersymmetric theories do not qualify such theories as chiral. It
is also in this sense that the reduction of the Salam-Sezgin model from six to four di-
mensions considered in [10] did not generate a chiral theory. Although that sphere and
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monopole reduction remarkably generated a consistent SU(2) gauging in four dimensions,
the surviving fermions transformed either in the real 3 of SU(2) or were singlets, so the
four-dimensional theory turned out to be non-chiral.
The main aim of the present article is to lay out more fully the possibility of chiral
reductions of theories such as the Salam-Sezgin model. In Section 2, we first outline
six-dimensional N = 1 supergravity, which will be our starting point for this discussion.
Then in Section 3 we will demonstrate that a reduction on the Salam-Sezgin background
to a chiral theory in four dimensions is in fact possible. This is because there is an
interesting bifurcation in the reduction ansatz which means that two different consistent
sets of four-dimensional excitations of the six-dimensional theory are possible. One of
these consistent sets of excitations leads to the non-chiral theory with SU(2) gauge group
considered in [10] and the other, which we present here, leads to a chiral theory with a
massive Stueckelberg gauged U(1)R. The four-dimensional theory that we obtain in this
way preserves the original chirality of the six-dimensional theory one began with.
Both the six-dimensional theory that we consider in Section 2 and the four-dimensional
theory that we obtain in Section 3 contain Weyl fermions charged under a gauged U(1)R
symmetry, making these theories chiral. However, in both cases this gauged U(1)R is the
R-Symmetry of the theory – either the gauged R-symmetry of the original model or of
its dimensional reduction. This unusual situation renders the chirality found these cases
rather irrelevant from a physical point of view. In order to obtain more physically rele-
vant examples of chirality in the reduced theory, we consider the coupling of additional
hypermultiplets in the starting six-dimensional theory. In Section 4, we analyse these
couplings and carry out the corresponding reduction on the Salam-Sezgin sphere and
monopole background to give a four-dimensional theory with genuinely chiral fermions.
Finally in Section 5, we consider gauging the symmetries of the six-dimensional hypermul-
tiplet by additional vector multiplets and analyse the resulting symmetries in the reduced
four-dimensional theory.
2 Six-dimensional N = 1 Supergravity
We begin by considering the action for six-dimensional N = 1 supergravity with field
content (eˆM
A, ψˆM , Bˆ
+
MN) coupled to one tensor multiplet (Bˆ
−
MN , χˆ, φˆ) and to one vector
multiplet (AˆM , λˆ) gauging a U(1)R subgroup of the R-symmetry. Here M = 0, . . . , 5 is a
world index and A = 0, . . . , 5 is a tangent-space index. This action was also the starting
4
point for the original Salam-Sezgin model [3]; it is given by
S =
∫
d6xeˆ
[
Rˆ− 1
4
∂ˆM φˆ∂ˆ
M φˆ− 1
12
eφˆHˆMNRHˆ
MNR − 1
4
e
1
2
φˆFˆMN Fˆ
MN − 8g2e− 12 φˆ
+ ˆ¯ψM Γˆ
MNRDˆN ψˆR + ˆ¯χΓˆ
MDˆM χˆ+
ˆ¯λΓˆMDˆM λˆ+
1
4
(
ˆ¯χΓˆN ΓˆM ψˆN +
ˆ¯ψN Γˆ
M ΓˆN χˆ
)
∂ˆM φˆ
+
1
24
e
1
2
φˆHˆMNR
( ˆ¯ψSΓˆ[SΓˆMNRΓˆT ]ψˆT + ˆ¯ψSΓˆMNRΓˆSχˆ− ˆ¯χΓˆSΓˆMNRψˆS − ˆ¯χΓˆMNRχˆ+ ˆ¯λΓˆMNRλˆ)
− 1
4
√
2
e
1
4
φˆFˆMN
( ˆ¯ψRΓˆMN ΓˆRλˆ+ ˆ¯λΓˆRΓˆMN ψˆR + ˆ¯χΓˆMN λˆ− ˆ¯λΓˆMN χˆ)
+ i
√
2ge−
1
4
φˆ
( ˆ¯ψM ΓˆM λˆ+ ˆ¯λΓˆM ψˆM − ˆ¯χλˆ+ ˆ¯λχˆ)
]
, (2.1)
where DˆM χˆ = ∂ˆM χˆ +
1
4
ωˆMABΓˆ
ABχˆ − igAˆM χˆ and similarly for derivatives acting on λˆ
and ψˆM . Here M = 0, . . . 5 is a world index raised and lowered with the metric gˆMN and
A = 0, . . . 5 is a tangent-space index raised and lowered with ηˆAB = diag(−,+, ...,+). The
field strengths appearing in this action are defined by HˆMNR = 3∂ˆ[M BˆNR] +
3
2
Fˆ[MN AˆR]
and FˆMN = 2∂ˆ[M AˆN ]. We use the conventions RˆMN = Rˆ
R
MRN , RˆMN
AB = 2∂ˆ[M ωˆN ]
AB +
2ωˆ[M
ACωˆN ]C
B, ˆ¯χ = iχˆ†Γˆ0 . The fermions considered here have chiralities such that Γˆ7λˆ =
λˆ, Γˆ7χˆ = −χˆ, and Γˆ7ψˆA = ψˆA .
This action is supersymmetric under the transformations
δeˆM
A = −1
4
ˆ¯ǫΓˆAψˆM +
1
4
ˆ¯ψM Γˆ
Aǫˆ , δψˆM = DˆM ǫˆ+
1
48
e
1
2
φˆ HˆNPQ Γˆ
NPQ ΓˆM ǫˆ ,
δφˆ =
1
2
ˆ¯ǫχˆ +
1
2
ˆ¯χǫˆ , δχˆ = −1
4
(∂M φˆ Γˆ
M − 1
6
e
1
2
φˆ HˆMNP Γˆ
MNP )ǫˆ ,
δAˆM =
1
2
√
2
e−
1
4
φˆ(ˆ¯ǫΓˆM λˆ− ˆ¯λΓˆM ǫˆ) , δλˆ = 1
4
√
2
(e
1
4
φˆ FˆMN Γˆ
MN − 8i g e− 14 φˆ)ǫˆ ,
δBˆMN = Aˆ[MδAˆN ] +
1
4
e−
1
2
φˆ
(
2ˆ¯ǫΓˆ[M ψˆN ] + 2
ˆ¯ψ[M ΓˆN ]ǫˆ+ ˆ¯ǫΓˆMN χˆ− ˆ¯χΓˆMN ǫˆ
)
, (2.2)
where the supersymmetry parameter ǫˆ satisfies Γˆ7ǫˆ = ǫˆ.
3 Reduction on a Sphere and Monopole Background
3.1 Reduction of the Bosonic Sector
We now consider a reduction of the above action on the background originally considered
by Salam and Sezgin [3]. This reduction will be carried out at the level of the field
equations which will then be integrated to give the reduced action. In many, but not
all cases [11], consistency of a dimensional reduction scheme may be checked either by
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direct verification in the field equations or by verification that insertion of the ansatz into
the action commutes with variation of the action. However, the fundamental definition
of a consistent Kaluza-Klein reduction is one in which solutions to the reduced lower-
dimensional field equations yield exact solutions to the higher-dimensional equations when
they are re-expressed via the reduction ansatz as higher-dimensional fields.
We therefore begin by varying the six-dimensional action (2.1) to find the field equa-
tions for the bosonic sector; neglecting bifermionic terms these read
RˆMN =
1
4
∂M φˆ∂N φˆ+
1
2
e
1
2
φˆ(FˆMRFˆN
R − 1
8
FˆRSFˆ
RS gˆMN)
+
1
4
eφˆ(HˆMRSHˆN
RS − 1
6
HˆRST Hˆ
RST gˆMN) + 2g
2e−
1
2
φˆgˆMN ,
d∗ˆdφˆ = −1
2
e
1
2
φˆ∗ˆFˆ(2) ∧ Fˆ(2) − eφˆ∗ˆHˆ(3) ∧ Hˆ(3) + 8g2e− 12 φˆ∗ˆ1 ,
d(e
1
2
φ∗ˆFˆ(2)) = eφˆ∗ˆHˆ(3) ∧ Fˆ(2) , d(eφˆ∗ˆHˆ(3)) = 0 , (3.1)
where the field strengths considered satisfy the Bianchi identities
dHˆ(3) =
1
2
Fˆ(2) ∧ Fˆ(2) , dFˆ(2) = 0 . (3.2)
The Salam-Sezgin background [3] solving these equations is a product of four-dimensional
Minkowski space and a 2-sphere with a monopole on it. An ansatz for a consistent set
of four-dimensional fluctuations about this background was given in [10]. This leads,
however, to a four-dimensional theory without chirality. This motivates us to try to find
an alternative consistent ansatz leading to a chiral theory. With this in mind, and by a
process of trial and error, we find the ansatz
Fˆ(2) =
1
2g
Ω(2) − F(2) ,
Hˆ(3) = H(3) − 1
2g
A(1) ∧ Ω(2) , φˆ = ϕ− φ ,
eˆα = e
1
4
(φ+ϕ)eα , eˆa = e−
1
4
(φ+ϕ)ea , (3.3)
where Ω2 = sin y
5dy5∧dy6 = 4g2ǫabea∧eb is the volume form for the unit sphere ǫ56 = 1 and
where the sphere’s vielbein ea has an associated curvature tensor such that Rmn = 8g
2gmn
and F(2) = dA(1). Here we have split the six-dimensional world index M into µ = 0, . . . 3
and m = 5, 6 and similarly split the tangent space index A into α = 0, . . . 3 and a = 5, 6.
This is thus an ansatz for a reduction on the same background as that in [10] but with
a different set of fields retained in the reduced theory. One major difference between
these two sets of fluctuations is that there is an extra degree of freedom here, associated
with the difference between the dilaton and the Kaluza-Klein scalar, whereas in [10] there
were additional degrees of freedom associated with the Kaluza-Klein vector resulting in
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an SU(2) Yang-Mills gauging in four dimensions. It is important to note that neither this
ansatz nor the ansatz of Ref. [10] can be truncated into the other, implying that there is
a bifurcation into two different branches of consistent excitations about the Salam-Sezgin
background.
Substituting the ansatz (3.3) into the Bianchi identities (3.2) implies
dH(3) =
1
2
F(2) ∧ F(2) , dF(2) = 0 . (3.4)
We next note that
∗ˆFˆ(2) = 4ge
3
2
(φ+ϕ) ∗ 1− 1
8g2
e−
1
2
(φ+ϕ) ∗ F(2) ∧ Ω(2) , ∗ˆ1 = 1
8g2
e
1
2
(φ+ϕ) ∗ 1 ∧ Ω(2) ,
∗ˆHˆ(3) = 1
8g2
e−(φ+ϕ) ∗H(3) ∧ Ω(2) − 4geφ+ϕ ∗ A(1) , ∗ˆdφˆ = 1
8g2
∗ d(ϕ− φ) ∧ Ω(2) . (3.5)
We can then use these identities in the field equations of the six-dimensional bosonic fields
in order to obtain reduced field equations describing the four-dimensional fluctuations. In
this way, we find that the Hˆ(3) field equation leads to the two four-dimensional equations
d(e−2φ ∗H(3)) = 0 , d(e2ϕ ∗ A(1)) = 0 . (3.6)
Similarly substituting the ansatz into the Fˆ(2) field equation, we find
d(eφ ∗ F(2)) = e−2φ ∗H(3) ∧ F(2) + 16g2e2ϕ ∗ A(1) , (3.7)
while substituting into the φˆ field equation gives
d ∗ dφ− d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2) ,
+ 16g2e2ϕ ∗ A(1) ∧ A(1) − 8g2eφ(1− e2ϕ) ∗ 1 . (3.8)
When considering the six-dimensional metric’s field equations we must consider equa-
tions where the indices lie in the compact and non-compact directions independently.
Considering the Rˆab field equation, we find
4
d ∗ dφ+ d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
− 16g2e2ϕ ∗ A(1) ∧A(1) − 4g2eφ(2− 8eϕ + 6e2ϕ) ∗ 1 , (3.9)
4 In deriving this we have used the lemma
Rˆαβ = e
−
1
2
(φ+ϕ)
[
Rαβ − 1
4
(φ+ ϕ) ηαβ − 1
4
∂α(φ+ ϕ) ∂β(φ+ ϕ)
]
,
Rˆαb = 0 , Rˆab = e
1
2
(φ+ϕ)Rab +
1
4
e−
1
2
(φ+ϕ)
(φ+ ϕ) δab .
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where we have used Rmn = 8g
2gmn. Equations (3.8) and (3.9) can then be rearranged to
give
d ∗ dφ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2eφ(1− eϕ)2 ∗ 1 ,
d ∗ dϕ = −16g2e2ϕ ∗ A(1) ∧A(1) + 16g2eφeϕ(1− eϕ) ∗ 1 . (3.10)
Substituting the ansatz into the Rˆαa field equation gives an identity 0 = 0, while the Rˆαβ
field equation and (3.9) together give
Rαβ =
1
2
∂αφ∂βφ+
1
2
∂αϕ∂βϕ+
1
2
e−φ(FαγFβ
γ − 1
4
FγδF
γδηαβ)
+
1
4
e−2φ(HαγδHβ
γδ − 1
3
HγδλH
γδληαβ) + 8g
2e2ϕAαAβ + 4g
2eφ(1− eϕ)2ηαβ . (3.11)
Integrating these reduced field equations, we find the bosonic part of the four-dimensional
reduced action
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 1
2
e−2φ ∗H(3) ∧H(3)
− 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2e2ϕ ∗ A(1) ∧A(1) − 8g2eφ(1− eϕ)2 ∗ 1 , (3.12)
where F(2) = dA(1), H(3) = dB(2) +
1
2
ω(3) and dω(3) = F(2) ∧ F(2) .
The 3-form field strength H(3) appearing in this action can be dualised to the gradient
of an axionic scalar. This is done in the standard way by adding a term to the action
containing a Lagrange multiplier that imposes the Bianchi identity (3.6)
L′ = −σ(dH(3) − 1
2
F(2) ∧ F(2)) . (3.13)
Varying the action with respect to H(3) then gives
H(3) = e
2φ ∗ dσ , (3.14)
and substituting this back into (3.12) gives
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 1
2
e2φ ∗ dσ ∧ dσ − 1
2
e−φ ∗ F(2) ∧ F(2)
− 8g2e2ϕ ∗ A(1) ∧ A(1) + 1
2
σF(2) ∧ F(2) − 8g2eφ(1− eϕ)2 ∗ 1 . (3.15)
3.2 Reduction of the Supersymmetry Transformations
In [10] it was noted that substituting the solution for the background we are considering
into the six-dimensional supersymmetry transformations implies that the six-dimensional
8
spinors should be expanded with respect to a background spinor η which is required to
obey (∇a− igAmonoa )η = 0, where dAmono(1) = 12gΩ(2) and σ3η = η. We chose a normalisation
for this background spinor where η¯η = 1 . Here we have decomposed the six-dimensional
gamma matrices as
Γˆα = γα ⊗ σ3 , Γˆa = 1l⊗ σa , (3.16)
where σa, σ3 are Pauli matrices. This implies,
Γˆ7 = γ5 ⊗ σ3 . (3.17)
Using the background spinor, we make the following ansatz, again obtained by a process
of trial and error, for the fluctuations in the six-dimensional fermions
ψˆα = e
− 1
8
(φ+ϕ)
[
ψα ⊗ η + 1
2
√
2
γα(χ+ ζ)⊗ η
]
, λˆ = e−
1
8
(φ+ϕ)λ⊗ η ,
ψˆa = − 1
2
√
2
e−
1
8
(φ+ϕ)(χ+ ζ)⊗ σaη , χˆ = 1√
2
e−
1
8
(φ+ϕ)(χ− ζ)⊗ η ,
ǫˆ = e
1
8
(φ+ϕ)ǫ⊗ η . (3.18)
The chirality properties of the six-dimensional fermions then imply the inherited four-
dimensional chiralities γ5λ = λ, γ5χ = −χ, γ5ζ = −ζ , γ5ψα = ψα, and γ5ǫ = ǫ.
Substituting the ansatz (3.18) and (3.3) into the supersymmetry transformations of the
six-dimensional spinors (2.2), we obtain the supersymmetry transformations for the four-
dimensional spinors appearing in the ansatz5
δψα = ∇αǫ+ ig(1− eϕ)Aαǫ− 1
24
e−φHβγδγα
βγδǫ ,
δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβǫ+
√
2ige
1
2
φ(eϕ − 1)ǫ ,
δζ =
1
2
√
2
∂αϕγ
αǫ+ ig
√
2eϕAαγ
αǫ ,
δχ =
1
2
√
2
∂αφγ
αǫ+
1
12
√
2
e−φHαβγγ
αβγǫ . (3.19)
In a discussion of chirality in the reduced theory, the crucial factor is whether any of the
Weyl fermions appearing in this reduction are charged under a complex representation of
some group. The gauged U(1)R present in the bosonic part of the reduced theory (3.15)
5 We have made use of the lemmas
ωˆαβ = ωαβ +
1
4
e−
1
4
(φ+ϕ) (∂β(φ+ ϕ) eˆα − ∂α(φ+ ϕ) eˆβ) ,
ωˆαb =
1
4
e−
1
4
(φ+ϕ) ∂α(φ+ ϕ) eˆb , ωˆab = ωab .
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is broken by a mass term. However it is possible to form a Stueckelberg extension of the
ansatz leading to a reduced theory in which the gauged U(1)R is unbroken. To do this,
we modify the the ansatz for Hˆαab to read
Hˆαab = −4ge 14 (φ+ϕ)(∂αρ+ Aα)ǫab , (3.20)
where we have introduced a Stueckelberg scalar ρ, while keeping the ansatz for the vector
unchanged, Aˆα = −e− 14 (φ−ϕ)Aα. Carrying this out and dualising the 3-form using (3.14),
we obtain the supersymmetry transformations of fermions in the reduced theory:
δψα = ∇αǫ+ ig(1− eϕ)Aαǫ− 1
4
ieφ∂ασǫ ,
δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβǫ+
√
2ige
1
2
φ(eϕ − 1)ǫ ,
δζ =
1
2
√
2
∂αϕγ
αǫ+ ig
√
2eϕDαργ
αǫ ,
δχ =
1
2
√
2
∂αφγ
αǫ+
1
2
√
2
ieφ∂ασγ
αǫ . (3.21)
We now note that the fields of the reduced theory form the supergravity multiplet
(eµ
α, ψµ), a scalar multiplet (φ, σ, χ) and a massive Stueckelberg vector multiplet (ϕ, ρ, ζ, Aµ, λ).
Next, we examine the reduction of the supersymmetry transformations of the bosonic
fields. Considering the transformation of eˆm
a, we find the need to carry out a compen-
sating Lorentz transformation which acts as δeˆM
A = ΛAB eˆM
B, where
Λab = − 1
8
√
2
iǫab(ǫ¯χ− χ¯ǫ+ ǫ¯ζ − ζ¯ǫ) , (3.22)
in order to preserve the Lorentz gauge choice made in the ansatz for eˆA. Then the modified
transformation of eˆm
a combined with the transformation of φˆ implies
δφ = − 1
2
√
2
(ǫ¯χ + χ¯ǫ) , δϕ = − 1
2
√
2
(ǫ¯ζ + ζ¯ǫ) . (3.23)
Similarly, the transformation of Aˆµ implies
δAµ = − 1
2
√
2
e
1
2
φ(ǫ¯γµλ− λ¯γµǫ) . (3.24)
Finally, making an additional compensating Lorentz transformation with parameter
Λαβ =
1
8
√
2
(ǫ¯γαβχ− χ¯γαβǫ+ ǫ¯γαβζ − ζ¯γαβǫ) , (3.25)
in order to bring the four-dimensional supersymmetry transformations into the standard
form, we find that the variation of the vielbein in the reduced theory is given in the end
by
δeµ
α = −1
4
(ǫ¯γαψµ − ψ¯µγαǫ) . (3.26)
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3.3 Reduction of the Fermionic Sector
We now consider the reduction of the six-dimensional fermionic field equations
ΓˆMNRDˆN ψˆR = −1
4
ΓˆN ΓˆM χˆ∂ˆN φˆ− 1
24
e
1
2
φˆHˆNRS
(
Γˆ[M ΓˆNRSΓˆ
T ]ψˆT + ΓˆNRSΓˆ
M χˆ
)
+
1
4
√
2
e
1
4
φˆFˆNRΓˆ
NRΓˆM λˆ− i
√
2ge−
1
4
φˆΓˆM λˆ ,
ΓˆMDˆM λˆ = − 1
24
e
1
2
φˆHˆMNRΓˆ
MNRλˆ+
1
4
√
2
e
1
4
φˆFˆMN
(
ΓˆRΓˆMN ψˆR − ΓˆMN χˆ
)
− i
√
2ge−
1
4
φˆ
(
ΓˆM ψˆM + χˆ
)
,
ΓˆMDˆM χˆ = −1
4
ΓˆN ΓˆM ψˆN ∂ˆM φˆ+
1
24
e
1
2
φˆHˆMNR
(
ΓˆSΓˆMNRψˆS + Γˆ
MNRχˆ
)
+
1
4
√
2
e
1
4
φˆFˆMN Γˆ
MN λˆ + i
√
2ge−
1
4
φˆλˆ . (3.27)
As before, we obtain the field equations describing the consistent sets of fluctuations about
the background by substituting our ansatz (3.3) and (3.18) into the six-dimensional field
equations. Carrying this out for the the λˆ field equation gives
γα(∇α + igAα)λ =
− 1
24
e−φHαβγγ
αβγλ+ igeϕAαγ
αλ− 1
4
√
2
e−
1
2
φFαβ
(
γγγαβψγ −
√
2γαβχ
)
+ i
√
2ge
1
2
φ(eϕ − 1)(γαψα +√2χ) + i4ge 12φeϕζ . (3.28)
Similarly the χˆ field equation gives
1√
2
γα(∇α + igAα)(χ− ζ) =
− 1
4
γαγβψα∂β(ϕ− φ) + 1
12
√
2
e−φHαβγ
(√
2γδγαβγψδ + γ
αβγζ + 3γαβγχ
)
− i 1√
2
geϕAα
(√
2γβγαψβ − γαχ− 3γαζ
)− 1
4
√
2
e−
1
2
φFαβγ
αβλ
+ i
√
2ge
1
2
φ(eϕ + 1)λ . (3.29)
Substituting the ansatz into the ψˆM field equation with the free index in the α direction
gives
γαµν(∇µ + igAµ)ψν − 1
4
√
2
γβγα(ζ + χ)∂β(φ+ ϕ) =
− 1
4
√
2
γβγα(χ− ζ)∂β(ϕ− φ) + 1
4
e−φHαβγγγψβ − 1
12
√
2
e−φHβγδγ
βγδγαχ
− igeϕAγ
(
γαβγψβ +
√
2γγγαζ
)− 1
4
√
2
e−
1
2
φFβγγ
βγγαλ+ i
√
2ge
1
2
φ(eϕ − 1)γαλ .
(3.30)
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The ψˆM field equation with the free index in the a direction gives
γµν(∇µ + igAµ)ψν + 1√
2
γµ(∇µ + igAµ)(χ + ζ)− 1
4
∂ν(φ+ ϕ)γ
µγνψµ +
1
4
√
2
∂µ(φ+ ϕ)γ
µ(ζ + χ) =
1
4
√
2
γα∂α(ϕ− φ)(χ− ζ)− 1
12
√
2
e−φHαβγ
(√
2γαβγδψδ − γαβγχ+ γαβγζ
)
+
i√
2
geϕAα
(√
2ψα + γαχ− γαζ)− 1
4
√
2
e−
1
2
φFαβγ
αβλ− i
√
2ge
1
2
φ(eϕ + 1)λ . (3.31)
Equations (3.28) to (3.31) can then be rearranged into the field equations of the four-
dimensional fermions given by
γµνρDνψρ =
1
2
√
2
γνγµχ∂νφ+
1
2
√
2
γνγµζ∂νϕ +
1
4
e−φHµνργρψν − 1
12
√
2
e−φHρστγ
ρστγµχ
− igeϕAρ
(
γµνρψν +
√
2γργµζ
)− 1
4
√
2
e−
1
2
φFνργ
νργµλ+ i
√
2ge
1
2
φ(eϕ − 1)γµλ ,
γµDµλ = − 1
24
e−φHµνργ
µνρλ+ igeϕAµγ
µλ− 1
4
√
2
e−
1
2
φFµν
(
γργµνψρ −
√
2γµνχ
)
+ i
√
2ge
1
2
φ(eϕ − 1)(γµψµ +√2χ) + i4ge 12φeϕζ ,
γµDµζ =
1
2
√
2
γµγνψµ∂νϕ− 1
24
e−φHµνργ
µνρζ + igeϕAµ(
√
2γνγµψν − 3γµζ)− i4ge
1
2
φeϕλ ,
γµDµχ =
1
2
√
2
γµγνψµ∂νφ+
1
24
e−φHµνρ
(√
2γσγµνρψσ + 3γ
µνρχ
)
+ igeϕAµγ
µχ
− 1
4
e−
1
2
φFµνγ
µνλ− i2e 12φ(eϕ − 1)λ , (3.32)
where Dµχ = ∂µχ+
1
4
ωµαβγ
αβχ+ igAµχ and similarly for ψµ, λ and ζ .
Note that upon moving to the Stueckelberg version of the ansatz (3.20), Aµ on the
RHS of these equations becomes modified to ∂µρ+Aµ. However the Aµ appearing in the
covariant derivative Dµ on the LHS of these equations is unmodified, so the derivative
remains U(1)R covariantised. All spinors then carry the same charge under the local
U(1)R.
Dualising Hµνρ (3.14), moving to the Stueckelberg version of the ansatz (3.20), inte-
grating these field equations and combining with the bosonic part of the action derived
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in Section 3.1, we find the full four-dimensional action
S =
∫
d4xe
[
R− 1
2
∂µφ∂
µφ− 1
2
∂µϕ∂
µϕ− 1
2
e2φ∂µσ∂
µσ
− 8g2e2ϕDµρDµρ− 1
4
e−φFµνF
µν − 1
8
σǫµνρσFµνFρσ − 8g2eφ(1− eϕ)2
+ ψ¯µγ
µνρDνψρ + λ¯γ
µDµλ+ χ¯γ
µDµχ + ζ¯γ
µDµζ
− 1
2
√
2
(
ψ¯µγ
νγµχ+ χ¯γµγνψµ
)
∂νφ− 1
2
√
2
(
ψ¯µγ
νγµζ + ζ¯γµγνψµ
)
∂νϕ
+
1
4
ieφ∂µσ
(
ψ¯νγ
µνρψρ +
√
2ψ¯νγ
µγνχ−
√
2χ¯γνγµψν + 3χ¯γ
µχ− ζ¯γµζ + λ¯γµλ)
+ igeϕDµρ
(
ψ¯νγ
µνρψρ +
√
2ψ¯νγ
µγνζ −
√
2ζ¯γνγµψν + 3ζ¯γ
µζ − χ¯γµχ− λ¯γµλ)
+
1
8
e−
1
2
φFµν
(√
2ψ¯ργ
µνγρλ+
√
2λ¯γργµνψρ + 2χ¯γ
µνλ− 2λ¯γµνχ)
− ige 12φ(eϕ − 1)(√2ψ¯µγµλ+√2λ¯γµψµ + 2λ¯χ− 2χ¯λ)− i4ge 12φeϕ(λ¯ζ − ζ¯λ)
]
,
(3.33)
where Dµρ = ∂µρ+ Aµ. This is supersymmetric under
δeµ
α = −1
4
(ǫ¯γαψµ − ψ¯µγαǫ) , δψα = Dαǫ− igeϕDαρǫ− 1
4
ieφ∂ασǫ ,
δAµ = − 1
2
√
2
e
1
2
φ(ǫ¯γµλ− λ¯γµǫ) , δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβǫ+
√
2ige
1
2
φ(eϕ − 1)ǫ
δϕ = − 1
2
√
2
(ǫ¯ζ + ζ¯ǫ) , δζ =
1
2
√
2
∂αϕγ
αǫ+ ig
√
2eϕDαργ
αǫ ,
δφ = − 1
2
√
2
(ǫ¯χ+ χ¯ǫ) , δχ =
1
2
√
2
∂αφγ
αǫ+
1
2
√
2
ieφ∂ασγ
αǫ ,
δσ =
1
2
√
2
ie−φ(ǫ¯χ− χ¯ǫ) , δρ = 1
8
√
2g
ie−ϕ(ǫ¯ζ − ζ¯ǫ) , (3.34)
where the transformations of σ and ρ are obtained by demanding closure of the super-
symmetry algebra.
The reduced theory shown here is chiral because the Weyl fermions appearing in
the action are charged under the U(1)R symmetry. This shows that reduction of the
Salam-Sezgin background can indeed preserve the chirality of the six-dimensional theory.
However, as the chirality in this four-dimensional theory is caused only by couplings to a
Stueckelberg-compensated gauged massive U(1)R R-symmetry, it is not very persuasive
as a physical example of chirality preservation. In order to arrive at a four-dimensional
theory with a more physical realisation of chirality we next will restart our discussion
with hypermultiplets coupled to the six-dimensional theory.
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4 Hypermultiplet Couplings
The fermions of the six-dimensional action (2.1) that we have considered so far are six-
dimensional Weyl fermions. However, another option in six dimensions is to write the
action in terms of symplectic Majorana-Weyl fermions. This has not been done so far as
it makes manifest an Sp(1) ∼= SU(2) symmetry which is broken in the reduction to four
dimensions, and so adds an unnecessary additional level of complexity to the discussion.
However, the couplings of hypermultiplets which we will now consider are intimately
related to this Sp(1) symmetry [12, 13] and it is therefore helpful to rewrite the bulk
action that we considered before in terms of symplectic Majorana-Weyl spinors. To do
this, we define
χˆ1 = χˆ , χˆ2 = iCˆ−1ΓˆT0 χˆ
∗ . (4.1)
which implies
ˆ¯χA ≡ i(χˆA)†Γˆ0 = (χˆA)T Cˆ , (4.2)
where Cˆ is the charge conjugation matrix with CˆΓˆACˆ
−1 = −ΓˆTA, Cˆ = CˆT , A = 1, 2 is
an Sp(1) doublet index raised and lowered with the antisymmetric tensor ǫAB = −ǫBA,
ǫ12 = ǫ
12 = 1, such that χA = ǫABχB, χB = χ
AǫAB and similarly for all other fermions in
the 6D theory considered so far.
The hypermultiplet fermions that we consider are not charged under the Sp(1) but
transform instead under an Sp(n) with respect to which they are symplectic Majorana
ˆ¯ψaˆ ≡ i(ψˆaˆ)†Γˆ0 = (ψˆaˆ)T Cˆ , (4.3)
where aˆ = 1, .., 2n is an Sp(n) fundamental index which is raised and lowered with the
Sp(n) invariant tensor ǫˆaˆbˆ = −ǫˆbˆaˆ, ǫˆaˆcˆǫˆcˆbˆ = −δˆaˆ bˆ, ψaˆ = ǫaˆbˆψbˆ, ψbˆ = ψaˆǫaˆbˆ . Here we will
use the convention
ǫˆaˆbˆ =
(
0 1ln
−1ln 0
)
(4.4)
where 1ln is the (n× n) identity matrix.
The hypermultiplet scalars Lˆαˆ
aˆ and Lˆαˆ
A transform under a global left-acting Sp(n, 1)
and a local right-acting Sp(n)⊗Sp(1). This means that their physical degrees of freedom
describe the coset
Sp(n, 1)
Sp(n)⊗ Sp(1) . (4.5)
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Here αˆ is an Sp(n, 1) index which is raised and lowered with the Sp(n, 1) invariant tensor
Ωˆαˆβˆ = −Ωˆβˆαˆ, ΩˆαˆγˆΩˆγˆβˆ = −δˆαˆβˆ and we use the convention
Ωˆαˆβˆ =


0 1 0 0
−1 0 0 0
0 0 0 1ln
0 0 −1ln 0

 . (4.6)
These scalars satisfy6
LˆαˆALˆαˆ
B = −δˆAB, LˆαˆaˆLˆαˆbˆ = δˆaˆbˆ ,
LˆαˆALˆαˆ
aˆ = 0 , −LˆαˆALˆβˆA + LˆαˆaˆLˆβˆ aˆ = δˆαˆβˆ . (4.7)
and
(Lˆαˆ
aˆ)∗ = −Lˆβˆ aˆηˆβˆ αˆ (LˆαˆA)∗ = −LˆβˆAηˆβˆ αˆ (4.8)
where ηˆαˆ
βˆ is the U(2n, 2) invariant tensor
ηˆαˆ
βˆ =
(
1l2 0
0 −1l2n
)
. (4.9)
From these scalars, we build the Maurer-Cartan forms
PˆMaˆ
A = LˆαˆaˆDˆM Lˆαˆ
A , QˆMA
B = LˆαˆADˆM Lˆαˆ
B , QˆMaˆ
bˆ = −LˆαˆaˆDˆM Lˆαˆbˆ , (4.10)
where7
DˆM Lˆαˆ
A = ∂ˆM Lˆαˆ
A + gAˆMTαˆ
βˆLˆβˆ
A , DˆM Lˆαˆ
aˆ = ∂ˆM Lˆαˆ
aˆ + gAˆMTαˆ
βˆLˆβˆ
aˆ . (4.11)
When these hypermultiplets are included, the six-dimensional action (2.1) becomes mod-
6The coupling to hypermultiplets to six-dimensional N = 1 supergravity was considered in [12].
However the description of these couplings in terms of the coset representatives LˆαˆA and Lˆ
αˆ
aˆ which has
been carried out here is, to our knowledge, a new result. This alternate formulation is useful as it allows
us to leave general the U(1)R gauging described by the generator Tαˆ
βˆ , which will later be constrained.
7Note that here the generators are defined such that there is no factor of i in the gauge covariantisation
terms.
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ified to
S =
∫
d6xeˆ
[
Rˆ− 1
4
∂ˆM φˆ∂ˆ
M φˆ− 2PˆMaˆAPˆMaˆA − 1
12
eφˆHˆMNRHˆ
MNR
− 1
4
e
1
2
φˆFˆMN Fˆ
MN − 4g2CˆABCˆABe− 12 φˆ
+
1
2
ˆ¯ψ
A
M Γˆ
MNRDˆN ψˆRA +
1
2
ˆ¯χAΓˆMDˆM χˆA +
1
2
ˆ¯λAΓˆMDˆM λˆA +
1
2
ˆ¯ψaˆΓˆMDˆMψaˆ
+
1
4
ˆ¯χAΓˆN ΓˆM ψˆNA∂ˆM φˆ− ˆ¯ψaˆΓˆN ΓˆM ψˆAN PˆMaˆA
+
1
48
e
1
2
φˆHˆMNR
( ˆ¯ψSAΓˆ[SΓˆMNRΓˆT ]ψˆTA + 2 ˆ¯ψAS ΓˆMNRΓˆSχˆA − ˆ¯χAΓˆMNRχˆA
+ ˆ¯λAΓˆMNRλˆA − ˆ¯ψaˆΓˆMNRψˆaˆ
)
− 1
4
√
2
e
1
4
φˆFˆMN
( ˆ¯ψARΓˆMN ΓˆRλˆA + ˆ¯χAΓˆMN λˆA)
− 2
√
2ge−
1
4
φˆ ˆ¯ψaˆλˆAξˆaˆA −
√
2ge−
1
4
φˆCˆAB
(ˆ¯λAΓˆM ψˆBM + ˆ¯λAχˆB)
]
, (4.12)
where
DˆM χˆ
A = ∇ˆM χˆA + QˆMABχˆB , CˆAB = LˆαˆATαˆβˆLˆβˆB ,
DˆM ψˆ
aˆ = ∇ˆM ψˆaˆ + QˆMaˆbˆψˆbˆ , ξˆaˆA = LˆαˆaˆTαˆβˆLˆβˆA . (4.13)
This action is supersymmetric under the transformations
δeˆM
A = −1
4
ˆ¯ǫAΓˆAψˆMA , δψˆ
A
M = DˆM ǫˆ
A +
1
48
e
1
2
φˆ HˆNPQ Γˆ
NPQ ΓˆM ǫˆ
A ,
δφˆ =
1
2
ˆ¯ǫAχˆA , δχˆ
A = −1
4
(∂M φˆ Γˆ
M − 1
6
e
1
2
φˆ HˆMNP Γˆ
MNP )ǫˆA ,
δAˆM =
1
2
√
2
e−
1
4
φˆˆ¯ǫAΓˆM λˆA , δλˆ
A =
1
4
√
2
e
1
4
φˆ FˆMN Γˆ
MN ǫˆA −
√
2 g e−
1
4
φˆCˆAB ǫˆB ,
δLˆαˆ
aˆ = −1
4
ˆ¯ǫAψˆ
aˆLˆαˆ
A , δLˆαˆ
A =
1
4
ˆ¯ǫAψˆaˆLˆαˆ
aˆ , δψˆaˆ = ΓˆM ǫˆAPˆM
aˆ
A ,
δBˆMN = Aˆ[MδAˆN ] +
1
4
e−
1
2
φˆ
(
2ˆ¯ǫAΓˆ[M ψˆN ]A + 2
ˆ¯ψ
A
[M ΓˆN ]ǫˆA + ˆ¯ǫ
AΓˆMN χˆA − ˆ¯χAΓˆMN ǫˆA
)
. (4.14)
The action also has a gauged U(1)R symmetry acting on the hypermultiplets. The em-
bedding of this U(1)R within the Sp(n, 1) is described by the tensor Tαˆ
βˆ which for now
we leave general. However, we will later see that a consistent reduction is only possible
for a particular U(1)R corresponding to a particular choice of embedding tensor.
4.1 Reduction of the Bosonic Sector including Hypermultiplets
We shall now consider the dimensional reduction of the enlarged six-dimensional theory.
We begin as before with the bosonic field equations; neglecting bifermionic terms, these
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read
RˆMN =
1
4
∂ˆM φˆ∂ˆN φˆ+ 2Pˆ
aˆA
M PˆNaˆA +
1
2
e
1
2
φˆ(FˆMRFˆN
R − 1
8
FˆRSFˆ
RS gˆMN)
+
1
4
eφˆ(HˆMRSHˆN
RS − 1
6
HˆRST Hˆ
RST gˆMN) + g
2CˆABCˆABe
− 1
2
φˆgˆMN ,
d∗ˆdφˆ = −1
2
e
1
2
φˆ∗ˆFˆ(2) ∧ Fˆ(2) − eφˆ∗ˆHˆ(3) ∧ Hˆ(3) + 4g2CˆABCˆABe− 12 φˆ∗ˆ1 ,
d(e
1
2
φˆ∗ˆFˆ(2)) = eφˆ∗ˆHˆ(3) ∧ Fˆ(2) + 4gξˆaˆA∗ˆPˆaˆA , d(eφˆ∗ˆHˆ(3)) = 0 ,
Dˆ∗ˆPˆaˆA = −4g2e− 12 φˆCˆAB ξˆaˆB , (4.15)
where the field strengths satisfy the Bianchi identities
dHˆ(3) =
1
2
Fˆ(2) ∧ Fˆ(2) , dFˆ(2) = 0 . (4.16)
We then make an ansatz for a consistent set of four-dimensional fluctuations, similar to
(3.3), again obtained by trial and error:
Fˆ(2) =
1
2g
Ω(2) − F(2) ,
Hˆ(3) = H(3) − 1
2g
A(1) ∧ Ω(2) , φˆ = ϕ− φ ,
eˆα = e
1
4
(ϕ+φ)eα , eˆa = e−
1
4
(ϕ+φ)ea ,
Lˆαˆ
aˆ = L˜αˆ
aˆ , Lˆαˆ
A = L˜αˆ
A , (4.17)
where the scalar functions L˜αˆ
aˆ and L˜αˆ
A depend only on the uncompactified xµ directions.
They satisfy the relations
L˜αˆAL˜αˆ
B = −δˆAB, L˜αˆaˆL˜αˆbˆ = δˆaˆbˆ ,
L˜αˆAL˜αˆ
aˆ = 0 , −L˜αˆAL˜βˆA + L˜αˆaˆL˜βˆ aˆ = δˆαˆβˆ . (4.18)
and
(L˜αˆ
aˆ)∗ = −L˜βˆ aˆηˆβˆ αˆ (L˜αˆA)∗ = −L˜βˆAηˆβˆ αˆ (4.19)
from these we can build the Maurer-Cartan forms
P˜µaˆ
A = L˜αˆaˆDµL˜αˆ
A , Q˜µA
B = L˜αˆADµL˜αˆ
B , Q˜µaˆ
bˆ = −L˜αˆaˆDµL˜αˆbˆ , (4.20)
where
DµL˜αˆ
A = ∂µL˜αˆ
A − gAµTαˆβˆL˜βˆA , DµL˜αˆaˆ = ∂µL˜αˆaˆ − gAµTαˆβˆL˜βˆ aˆ . (4.21)
We can also form the useful scalar functions
C˜A
B = L˜αˆATαˆ
βˆL˜βˆ
B , ξ˜aˆ
A = L˜αˆaˆTαˆ
βˆL˜βˆ
A . (4.22)
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In this, we have left the ansatz for the hypermultiplet scalars very general, requiring only
that they do not depend on the compactified directions. However, as we will see, requiring
that the reduction be consistent places a large number of additional constraints on the
scalar sector. Solving these constraints will require us to split the αˆ, aˆ and A indices and
will be solved later in Section 4.4. Equation (4.17) therefore does not represent the final
ansatz for the hypermultiplet scalars and will be further refined.
The ansatz considered implies that
∗ˆFˆ(2) = 4ge 32φ ∗ 1− 1
8g2
e−
1
2
φ ∗ F(2) ∧ Ω(2) , ∗ˆ1 = 1
8g2
e
1
2
(φ+ϕ) ∗ 1 ∧ Ω(2) ,
∗ˆHˆ(3) = 1
8g2
e−φ ∗H(3) ∧ Ω(2) − 4geφ ∗ A(1) , ∗ˆdφˆ = 1
8g2
∗ d(ϕ− φ) ∧ Ω(2) ,
∗ˆDˆLˆαˆA = 1
8g2
∗DL˜αˆA ∧ Ω(2) − geϕ+φTαˆβˆL˜βˆA ∗(2) Amono(1) ∧ ∗1 ,
∗ˆDˆLˆαˆaˆ = 1
8g2
∗DL˜αˆaˆ ∧ Ω(2) − geϕ+φTαˆβˆL˜βˆ aˆ ∗(2) Amono(1) ∧ ∗1 , (4.23)
Substituting this ansatz into the Lˆαˆ
A field equation gives
D ∗ (L˜αˆaˆDL˜αˆA) = −4g2eφC˜AB ξ˜aˆB + 8g3e(φ+ϕ)ξ˜aˆAd ∗(2) Amono(1) ∧ ∗1
+ 8g4e(φ+ϕ)(C˜ aˆbˆξ˜bˆ
A + C˜AB ξ˜aˆB) ∗(2) Amono(1) ∧Amono(1) ∗ 1 , (4.24)
where C˜ aˆbˆ is defined analogously to C˜AB. As Amono
(1)
is a function of the internal space, the
reduction will only be consistent if ξ˜aˆA = 0, so that the terms containing Amono(1) vanish.
This represents the first of the constraints on the hypermultiplet ansatz and implies that
D ∗ P˜ aˆA = 0 . (4.25)
Substituting into the φˆ field equation, we find
d ∗ dφ− d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
+ 16g2e2ϕ ∗ A(1) ∧A(1) − 4g2eφ(C˜ABC˜AB − 2e2ϕ) ∗ 1 . (4.26)
Substituting into the Rˆab field equation implies
d ∗ dφ+ d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
− 16g2e2ϕ ∗ A(1) ∧ A(1) − 4g2eφ(C˜ABC˜AB − 8eϕ + 6e2ϕ) ∗ 1 , (4.27)
where we have used Rmn = 8g
2gmn. These equations can be rearranged to give
d ∗ dφ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
− 4g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2) ∗ 1 ,
d ∗ dϕ = −16g2e2ϕ ∗ A(1) ∧ A(1) + 16g2eφeϕ(1− eϕ) ∗ 1 . (4.28)
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As before, the Rˆαa field equation gives just an identity 0 = 0, but now substituting the
ansatz into the Rˆαβ field equation we find
Rαβ =
1
2
∂αφ∂βφ+ 2P˜
aˆA
α P˜βaˆA +
1
2
∂αϕ∂βϕ
+
1
2
e−φ(FαγFβ
γ − 1
4
FγδF
γδηαβ) +
1
4
e−2φ(HαγδHβ
γδ − 1
3
HγδλH
γδληαβ)
+ 2g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2)ηαβ + 8g2e2ϕAαAβ . (4.29)
The Hˆ(2) and Fˆ(2) field equations along with ξ˜
aˆA = 0 together imply
d(e−2φ ∗H(3)) = 0 , d(eφ ∗ F(2)) = e−2φ ∗H(3) ∧ F(2) + 16g2e2ϕ ∗ A(1) . (4.30)
Moreover, the Bianchi identities imply that
dH(3) =
1
2
F(2) ∧ F(2) , dF(2) = 0 . (4.31)
If the value C˜ABC˜AB is not dependant on L˜αˆ
A, explaining why a potential term does not
appear in (4.25), then these reduced field equations can all be derived from an action
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 2 ∗ P˜ aˆA ∧ P˜aˆA
− 1
2
e−2φ ∗H(3) ∧H(3) − 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2e2ϕ ∗ A(1) ∧A(1)
− 4g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2) ∗ 1 , (4.32)
where F(2) = dA(1) and H(3) = dB(2) +
1
2
ω(3) and dω(3) = F(2) ∧ F(2). Finally, dualising H(3)
as in (3.14) gives the bosonic part of the reduced action
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 2 ∗ P˜ aˆA ∧ P˜aˆA + 1
2
e2φ ∗ dσ ∧ dσ
− 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2e2ϕ ∗ A(1) ∧ A(1) + 1
2
σF(2) ∧ F(2)
− 4g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2) ∗ 1 . (4.33)
4.2 Reduction of the Supersymmetry Transformations includ-
ing Hypermultiplets
The symplectic Majorana and Weyl properties of the six-dimensional fermions cannot
be carried over to the reduced theory because fermions simultaneously subject to four-
dimensional symplectic Majorana and Weyl conditions identically vanish. This means
that the Sp(1) and Sp(n) symmetries of the theory must be broken in the reduction. We
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therefore make an ansatz for the fermions equivalent to (3.18), given by
ψˆ1α = e
− 1
8
(φ+ϕ)
[
ψα ⊗ η + 1
2
√
2
γα(χ+ ζ)⊗ η
]
, λˆ1 = e−
1
8
(φ+ϕ)λ⊗ η ,
ψˆ1a = −
1
2
√
2
e−
1
8
(φ+ϕ)(χ+ ζ)⊗ σaη , χˆ1 = 1√
2
e−
1
8
(φ+ϕ)(χ− ζ)⊗ η ,
ǫˆ1 = e
1
8
(φ+ϕ)ǫ⊗ η . (4.34)
The ansatz for χˆ2 can then be derived from this using (4.1) and similarly for the 2
component of the other six-dimensional fermions. Here we note that since
ǫˆ2 = iCˆ−1Γˆ0(ǫˆ
1)∗ , and Cˆ = C ⊗ σ2 , (4.35)
we have it that
σ3ǫˆ1 = ǫˆ1 implies σ3ǫˆ2 = −ǫˆ2 , (4.36)
and similarly the 1 and 2 components of the other six-dimensional fermions have opposite
σ3 and γ5 chiralities.
We make an ansatz for the reduction of the hypermultiplet fermions in a similar way to
that considered above. First we split the index range of aˆ into a = 1, ..., n and a′ = 1, ..., n
such that we write the Sp(n) symplectic invariant as
ǫˆaˆbˆ =
( a a′
a 0 1ln
a′ −1ln 0
)
, (4.37)
so that ǫˆab = ǫˆa′b′ = 0 and ǫˆab′ = −ǫˆb′a = iab′ where iaa′ = ia′a and iab′ib′b = δab.
We also split the αˆ index into α = 1, . . . , n + 1 and α′ = 1, . . . , n + 1 such that we
write the Sp(n, 1) symplectic invariant as
Ωˆαˆβˆ =


α = 1 α′ = 1 α ≥ 2 α′ ≥ 2
α = 1 0 1 0 0
α′ = 1 −1 0 0 0
α ≥ 2 0 0 0 −1ln
α′ ≥ 2 0 0 1ln 0

 , (4.38)
so that Ωˆαβ = Ωˆα′β′ = 0 and Ωˆαβ′ = −Ωˆβ′α = iαβ′ where iαα′ = iα′α and iαβ′iβ
′β = δα
β .
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Corresponding to this, the U(2n, 2) invariant is split as
ηˆαˆ
βˆ =


α = 1 α′ = 1 α ≥ 2 α′ ≥ 2
α = 1 1 0 0 0
α′ = 1 0 1 0 0
α ≥ 2 0 0 −1ln 0
α′ ≥ 2 0 0 0 −1ln

 , (4.39)
so that ηˆα
β′ = ηˆβ′
α = 0, ηˆα
β = ηα
β and ηˆα′
β′ = ηα′
β′ where
ηα
β =
(
1 0
0 −1ln
)
. (4.40)
Using this index splitting we then make the ansatz
ψˆa = e−
1
8
(φ+ϕ)ψa ⊗ η , (4.41)
and note that since Γˆ7ψˆ
a = −ψˆa , one finds γ5ψa = −ψa .
The four-dimensional fermions ψa describe 2n additional fermionic degrees of freedom
arising from the six-dimensional hypermultiplets. This means that there cannot be a full
set of 4n bosonic degrees of freedom in the reduced theory arising from the hypermultiplets
as would appear if one turned on the full set of hypermultiplet scalars in (4.17). It is for
this reason that upon reduction we find the emergence of a large number of constraints
on the hypermultiplet geometry emerge.
Now consider the λˆ1 transformation
δλˆ1 =
1
4
√
2
e
1
4
φˆ Fˆab Γˆ
abǫˆ1 +
1
4
√
2
e
1
4
φˆ Fˆαβ Γˆ
αβ ǫˆ1
−
√
2 g e−
1
4
φˆCˆ12ǫˆ1 +
√
2g e−
1
4
φˆCˆ11ǫˆ2 . (4.42)
Imposing the ansatz σ3λˆ1 = λˆ1, σ3ǫˆ1 = ǫˆ1 and σ3ǫˆ2 = −ǫˆ2 shows that the last term
of (4.42) must be zero and so we find another constraint on the four-dimensional scalar
geometry, C˜11 = 0 , as well as finding the resulting transformation of the four-dimensional
spinor
δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβǫ+
√
2ige
1
2
φeϕ −
√
2gC˜12eφǫ . (4.43)
A similar consideration of the λˆ2 transformation shows that C˜22 = 0. Considering the
transformation of ψˆa we find
δψˆa = Γˆαǫˆ1Pˆα
a2 − Γˆαǫˆ2Pˆαa1 . (4.44)
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Using the same argument as above, we find P˜µ
a1 = 0 and so
δψa = γαǫP˜α
a2 . (4.45)
Similarly, the transformation of ψˆa
′
also implies P˜µ
a′2 = 0. From the ψˆα transformation,
we find the constraints Q˜µ
11 = Q˜µ
22 = 0 and the transformation,
δψα = ∇αǫ− Q˜α12ǫ− igeϕDαρǫ− 1
4
ieφ∂ασǫ . (4.46)
Considering the transformation of ψˆ1a we find that in order to have Daǫˆ
1 = 0 given that
(∇a− igAmonoa )η = 0, this implies C˜11 = −i. Similarly considering the variation of ψˆ2a, we
find that (C˜22)
∗ = −i .
Examining the transformations of L˜αˆ
A and L˜αˆ
aˆ we then find
δL˜α
1 =
1
4
ψ¯aǫL˜α
a , δL˜α
2 = −1
4
ǫ¯ψaL˜αa ,
δL˜α′
1 =
1
4
ψ¯aǫL˜α′
a , δL˜α′
2 = −1
4
ǫ¯ψaL˜α′a ,
δL˜α
a =
1
4
ǫ¯ψaL˜α
1 , δL˜α
a′ =
1
4
ia
′aψ¯aǫL˜α
2 ,
δL˜α′
a =
1
4
ǫ¯ψaL˜α′
1 , δL˜α′
a′ =
1
4
ia
′aψ¯aǫL˜α′
2 , (4.47)
where ψ¯a = i(ψ
a)†γ0 and we have used η
Tσ2η = 0. The transformations of the other fields
remain unaffected:
δeµ
α = −1
4
(ǫ¯γαψµ − ψ¯µγαǫ), δAµ = − 1
2
√
2
e
1
2
φ(ǫ¯γµλ− λ¯γµǫ) ,
δϕ = − 1
2
√
2
(ǫ¯ζ + ζ¯ǫ) , δζ =
1
2
√
2
∂αϕγ
αǫ+ ig
√
2eϕDαργ
αǫ ,
δφ = − 1
2
√
2
(ǫ¯χ+ χ¯ǫ) , δχ =
1
2
√
2
∂αφγ
αǫ+
1
2
√
2
ieφ∂ασγ
αǫ ,
δσ =
1
2
√
2
ie−φ(ǫ¯χ− χ¯ǫ) , δρ = 1
8
√
2g
ie−ϕ(ǫ¯ζ − ζ¯ǫ) .
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4.3 Reduction of the Fermionic Sector including Hypermulti-
plets
The reduction of the fermionic equations of motion proceeds much as before. We begin
by considering the six-dimensional fermionic field equations
ΓˆMNRDˆN ψˆ
A
R = −
1
4
ΓˆN ΓˆM χˆA∂ˆN φˆ− ΓˆN ΓˆM ψˆaˆPˆNaˆA
− 1
24
e
1
2
φˆHˆNRS
(
Γˆ[M ΓˆNRSΓˆ
T ]ψˆ
A
T + ΓˆNRSΓˆ
M χˆA
)
+
1
4
√
2
e
1
4
φˆFˆNRΓˆ
NRΓˆM λˆA +
√
2ge−
1
4
φˆCˆABΓˆ
M λˆB ,
ΓˆMDˆM λˆ
A = − 1
24
e
1
2
φˆHˆMNRΓˆ
MNRλˆA +
1
4
√
2
e
1
4
φˆFˆMN
(
ΓˆRΓˆMN ψˆ
A
R − ΓˆMN χˆA
)
− 2
√
2ge−
1
4
φˆψˆaˆξˆaˆ
A +
√
2ge−
1
4
φˆCˆAB
(
ΓˆM ψˆ
B
M + χˆ
B
)
,
ΓˆMDˆM χˆ
A = −1
4
ΓˆN ΓˆM ψˆ
A
N ∂ˆM φˆ+
1
24
e
1
2
φˆHˆMNR
(
ΓˆSΓˆMNRψˆ
A
S + Γˆ
MNRχˆA
)
+
1
4
√
2
e
1
4
φˆFˆMN Γˆ
MN λˆA −
√
2gCˆABe
− 1
4
φˆλˆB ,
ΓˆMDˆM ψˆ
aˆ = ΓˆN ΓˆM ψˆ
A
N PˆM
aˆ
A +
1
24
e
1
2
φˆHˆMNRΓˆ
MNRψˆaˆ + 2
√
2ge−
1
4
φˆλˆAξˆaˆA . (4.48)
Then substituting the ansatz and constraints into the λˆ field equation gives
γα(∇α + Q˜α11)λ =
− 1
24
e−φHαβγγ
αβγλ+ igeϕAαγ
αλ− 1
4
√
2
e−
1
2
φFαβ
(
γγγαβψγ −
√
2γαβχ
)
+ ige
1
2
φ(eϕ − 1)(√2γαψα + 2χ) + i4ge 12φeϕζ . (4.49)
Considering the ψˆa field equation, we find
γα(∇αψa + Q˜αabψb) = −γαγβψαP˜βa2 + 1
24
e−φHαβγγ
αβγψa − igeϕAαγαψa , (4.50)
but for consistency we are also forced to require that
Q˜α
a
b′ = C˜
a
b′ = 0 and Γ
a(∇aψˆa − gAmonoa C˜abψˆb) = 0 , (4.51)
which implies C˜a
b = iδa
b. Similarly the ψˆa
′
field equation implies that (C˜a′
b′)∗ = iδa′
b′ .
Substituting the ansatz into the χˆ field equation implies
1√
2
γα(∇α + Q˜α11)(χ− ζ) =
− 1
4
γαγβψα∂β(ϕ− φ) + 1
24
e−φHαβγ
(
γδγαβγψδ +
1√
2
γαβγζ + 3
1√
2
γαβγχ
)
− igeϕAα
(
γβγαψβ − 1√
2
γαχ− 3 1√
2
γαζ
)− 1
4
√
2
e−
1
2
φFαβγ
αβλ
+ i
√
2ge
1
2
φ(eϕ + 1)λ . (4.52)
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As before, we must consider the ψˆM field equations with the free index pointing in the
compact and noncompact directions separately. When the free index is in the α direction,
this implies
γαµν(∇µ + Q˜µ11)ψν − 1
4
√
2
γβγα(ζ + χ)∂β(φ+ ϕ) =
− 1
4
√
2
γβγα(χ− ζ)∂β(ϕ− φ)− γβγαψaP˜βa2 + 1
4
e−φHαβγγγψβ − 1
12
√
2
e−φHβγδγ
βγδγαχ
− igeϕAγ
(
γαβγψβ +
√
2γγγαζ
)− 1
4
√
2
e−
1
2
φFβγγ
βγγαλ+ i
√
2ge
1
2
φ(eϕ − 1)γαλ ,
(4.53)
while the ψˆM field equation with the free index in the a direction gives
γµν(∇µ + Q˜µ11)ψν + 1√
2
γµ(∇µ + Q˜µ11)(χ + ζ)
−1
4
∂ν(φ+ ϕ)γ
µγνψµ +
1
4
√
2
∂µ(φ+ ϕ)γ
µ(ζ + χ) =
1
4
√
2
γα∂α(ϕ− φ)(χ− ζ) + γαψaP˜αa2 − 1
24
e−φHαβγ
(
γαβγδψδ − 1√
2
γαβγχ+
1√
2
γαβγζ
)
+ igeϕAα
(
ψα +
1√
2
γαχ− 1√
2
γαζ
)− 1
4
√
2
e−
1
2
φFαβγ
αβλ− i
√
2ge
1
2
φ(eϕ + 1)λ .
(4.54)
4.4 Solution of the Hypermultiplet Constraints
In carrying out this reduction, we have found a large number of constraints on the hyper-
multiplet scalars. These read
P˜µ
a′2 = 0 , P˜µ
a1 = 0 , ξ˜aˆA = 0 ,
Q˜µ
11 = 0 , Q˜µ
22 = 0 , Q˜µ
a
b′ = 0 , Q˜µ
a′
b = 0 ,
C˜11 = 0 , C˜22 = 0 , C˜11 = −i , C˜22 = i ,
C˜ab′ = 0 , C˜
a′
b = 0 , C˜a
b = iδa
b , C˜a′
b′ = −iδa′b′ . (4.55)
Using the identity (4.7), we can rearrange the C˜ and ξ˜ constraints to give
Tαˆ
βˆL˜βˆ1 = −iL˜αˆ1 , TαˆβˆL˜βˆ2 = iL˜αˆ2 ,
Tαˆ
βˆL˜βˆa = −iL˜αˆa , TαˆβˆL˜βˆa′ = iL˜αˆa′ . (4.56)
Clearly, one solution is to have all the hypermultiplet fluctuations vanish, in which case
we revert to the case studied before. However if we wish to consider a reduction where
some hypermultiplet fluctuations are turned on, then we require also that the conditions
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P˜µ
a′1 6= 0 and P˜µa2 6= 0 be satisfied. Expanding out the constraints on P˜µaˆA and using
the constraint ξ˜aˆA = 0 then gives
P˜µa1 = i
αα′(L˜α′1∂µL˜αa − L˜α1∂µL˜α′a) = 0 but P˜µa2 = iαα′(L˜α′2∂µL˜αa − L˜α2∂µL˜α′a) 6= 0 ,
P˜µa′1 = i
αα′(L˜α′1∂µL˜αa′ − L˜α1∂µL˜α′a′) = 0 but P˜µa′2 = iαα′(L˜α′2∂µL˜αa′ − L˜α2∂µL˜α′a′) 6= 0 .
(4.57)
Keeping in mind that the hypermultiplet scalars must also solve (4.7), the constraints
(4.57) are solved by either
L˜αa , L˜α1 , L˜α′a′ , L˜α′2 6= 0 and L˜α′a , L˜α′1 , L˜αa′ , L˜α2 = 0 (4.58)
or
L˜α′a , L˜α′1 , L˜αa′ , L˜α2 6= 0 and L˜αa , L˜α1 , L˜α′a′ , L˜α′2 = 0 . (4.59)
Either choice is equivalent and here we chose the former. Then, substituting into (4.56),
we find
Tα
βL˜β1 = −iL˜α1 , Tα′β
′
L˜β′2 = iL˜α′2 ,
Tα
βL˜βa = −iL˜αa , Tα′β
′
L˜β′a′ = iL˜α′a′ , (4.60)
which is solved by
Tα
β = −iδαβ , Tα′β
′
= iδα′
β′ . (4.61)
This fixes the gauging that was left general in the six-dimensional theory as mentioned in
Section 4.1 and solves the full set of hypermultiplet constraints.
As we now know which of the six-dimensional hypermultiplet scalars must vanish and
which can remain, we now refine our ansatz to
L˜αa = Lαa , L˜
αa = L¯βa,
L˜α1 = Lα , L˜
α1 = L¯β ,
L˜α′a = L˜
α′a = L˜α′1 = L˜
α′1 = 0 . (4.62)
These four-dimensional scalars then satisfy
L¯αLα = 1 , L¯
αbLβa = −δab ,
LαL¯
β − LαaL¯βa = δαβ , L¯αηαβLβa = 0 , (4.63)
and
(Lαa)
∗ = L¯βaηβ
α (Lα)
∗ = L¯βηβ
α (4.64)
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which implies that the surviving hypermultiplet scalars describe the coset
SU(n, 1)
SU(n)⊗ U(1) , (4.65)
the dimension of which is 2n. This agrees with the 2n fermionic degrees of freedom
described by ψa . We can then use these scalars to define the four-dimensional Maurer-
Cartan forms that will appear in the four-dimensional action
Qµ = L¯
α∂µLα , Qµ
a
b = −L¯αa∂µLαb ,
Pµa = L¯
α∂µLαa , P¯µ
a = Lα∂µL¯
αa . (4.66)
4.5 The Reduced Hypermultiplet Coupled Action
Substituting the modified ansatz (4.62) into the reduced field equations and rearranging
gives
γµνρDνψρ =
1
2
√
2
γνγµχ∂νφ+
1
2
√
2
γνγµζ∂νϕ− γνγµψaPνa
+
1
4
e−φHµνργρψν − 1
12
√
2
e−φHρστγ
ρστγµχ
− igeϕAρ
(
γµνρψν +
√
2γργµζ
)− 1
4
√
2
e−
1
2
φFρσγ
ρσγµλ+ i
√
2ge
1
2
φ(eϕ − 1)γµλ ,
γαDαλ = − 1
24
e−φHαβγγ
αβγλ + igeϕAαγ
αλ− 1
4
√
2
e−
1
2
φFαβ
(
γγγαβψγ −
√
2γαβχ
)
+ ige
1
2
φ(eϕ − 1)(√2γαψα + 2χ) + i4ge 12φeϕζ ,
γµDµζ =
1
2
√
2
γµγνψµ∂νϕ− 1
24
e−φHµνργ
µνρζ + igeϕAµ(
√
2γνγµψν − 3γµζ)− i4ge
1
2
φeϕλ ,
γµDµχ =
1
2
√
2
γµγνψµ∂νφ+
1
24
e−φHµνρ
(√
2γσγµνρψσ + 3γ
µνρχ
)
+ igeϕAµγ
µχ
− 1
4
e−
1
2
φFµνγ
µνλ− i2e 12φ(eϕ − 1) ,
γαDαψ
a = −γαγβψαP¯βa + 1
24
e−φHαβγγ
αβγψa − igeϕAαγαψa , (4.67)
where
Dµχ = ∇µχ + igAµχ+Qµχ , (4.68)
and similarly for all spinors except ψa for which
Dµψ
a = ∇µψa + igAµψa +Qµabψb . (4.69)
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Integrating these field equations and combining with the bosonic part of the action as
derived in Section 4.1, we find that the full reduced hypermultiplet-coupled action is
given by
S =
∫
d4xe
[
R− 1
2
∂µφ∂
µφ− 1
2
∂µϕ∂
µϕ− 1
2
e2φ∂µσ∂
µσ − 8g2e2ϕDµρDµρ− 4PµaP¯ µa
− 1
4
e−φFµνF
µν − 1
8
σǫµνρσFµνFρσ − 4eφg2(1− eϕ)2
+ ψ¯µγ
µνρDνψρ + λ¯γ
µDµλ+ χ¯γ
µDµχ+ ζ¯γ
µDµζ + ψ¯aγ
µDµψ
a
− 1
2
√
2
(
ψ¯µγ
νγµχ+ χ¯γµγνψµ
)
∂νφ− 1
2
√
2
(
ψ¯µγ
νγµζ + ζ¯γµγνψµ
)
∂νϕ
+
(
ψ¯µγ
νγµψaPνa + ψ¯aγ
µγνψµP¯ν
a
)
+
1
4
ieφ∂µσ
(
ψ¯νγ
µνρψρ +
√
2ψ¯νγ
µγνχ−
√
2χ¯γνγµψν + 3χ¯γ
µχ− ζ¯γµζ + λ¯γµλ+ ψ¯aγµψa
)
+ igeϕDµρ
(
ψ¯νγ
µνρψρ +
√
2ψ¯νγ
µγνζ −
√
2ζ¯γνγµψν + 3ζ¯γ
µζ − χ¯γµχ− λ¯γµλ + ψ¯aγµψa
)
+
1
8
e−
1
2
φFµν
(√
2ψ¯ργ
µνγρλ+
√
2λ¯γργµνψρ + 2χ¯γ
µνλ− 2λ¯γµνχ)
− ige 12φ(eϕ − 1)(√2ψ¯µγµλ+√2λ¯γµψµ + 2λ¯χ− 2χ¯λ)− i4ge 12φeϕ(λ¯ζ − ζ¯λ)
]
,
(4.70)
which is supersymmetric under the transformations
δeµ
α = −1
4
(ǫ¯γαψµ − ψ¯µγαǫ) , δψα = Dαǫ− igeϕDαρǫ− 1
4
ieφ∂ασǫ ,
δAµ = − 1
2
√
2
e
1
2
φ(ǫ¯γµλ− λ¯γµǫ) , δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβǫ+
√
2ige
1
2
φ(eϕ − 1) ,
δϕ = − 1
2
√
2
(ǫ¯ζ + ζ¯ǫ) , δζ =
1
2
√
2
∂αϕγ
αǫ+ ig
√
2eϕDαργ
αǫ ,
δφ = − 1
2
√
2
(ǫ¯χ + χ¯ǫ), δχ =
1
2
√
2
∂αφγ
αǫ+
1
2
√
2
ieφ∂ασγ
αǫ ,
δσ =
1
2
√
2
ie−φ(ǫ¯χ− χ¯ǫ) , δρ = 1
8
√
2g
ie−ϕ(ǫ¯ζ − ζ¯ǫ) ,
δLα =
1
4
ǫ¯ψaLαa , δLαa =
1
4
ψ¯aǫLα ,
δL¯α =
1
4
ψ¯aǫL¯
αa , δL¯αa =
1
4
ǫ¯ψaL¯α ,
δψa = γαǫP¯α
a . (4.71)
The spinors ψa appearing in this action are chiral fermions charged under a complex
representation of SU(n), giving a genuinely chiral theory in four dimensions.
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5 Gauging Hypermultiplet Symmetries
A further extension of the six-dimensional model is also possible in which additional
symmetries of the hypermultiplets are gauged. To do this, we introduce the additional
six-dimensional vector multiplet (AˆIM , λˆ
I) such that the action becomes
S =
∫
d6xeˆ
[
Rˆ− 1
4
∂ˆM φˆ∂ˆ
M φˆ− 2PˆMaˆAPˆMaˆA − 1
12
eφˆHˆMNRHˆ
MNR
− 1
4
e
1
2
φˆFˆMN Fˆ
MN − 1
4
e
1
2
φˆFˆIMN Fˆ
IMN − 4g2CˆABCˆABe− 12 φˆ − 4g˜2CˆIABCˆIABe− 12 φˆ
+
1
2
ˆ¯ψ
A
M Γˆ
MNRDˆN ψˆRA +
1
2
ˆ¯χAΓˆMDˆM χˆA +
1
2
ˆ¯λAΓˆMDˆM λˆA +
1
2
ˆ¯λIAΓˆMDˆM λˆIA +
1
2
ˆ¯ψaˆΓˆMDˆMψaˆ
+
1
4
ˆ¯χAΓˆN ΓˆM ψˆNA∂ˆM φˆ− ˆ¯ψaˆΓˆN ΓˆM ψˆANPMaˆA
+
1
48
e
1
2
φˆHˆMNR
( ˆ¯ψSAΓˆ[SΓˆMNRΓˆT ]ψˆTA + 2 ˆ¯ψAS ΓˆMNRΓˆSχˆA − ˆ¯χAΓˆMNRχˆA
+ ˆ¯λAΓˆMNRλˆA +
ˆ¯λIAΓˆMNRλˆIA − ˆ¯ψaˆΓMNRψˆaˆ
)
− 1
4
√
2
e
1
4
φˆFˆMN
( ˆ¯ψARΓˆMN ΓˆRλˆA + ˆ¯χAΓˆMN λˆA)− 1
4
√
2
e
1
4
φˆFˆ IMN
( ˆ¯ψARΓˆMN ΓˆRλˆIA + ˆ¯χAΓˆMN λˆIA)
− 2
√
2ge−
1
4
φˆ ˆ¯ψaˆλˆAξˆaˆA −
√
2ge−
1
4
φˆCˆAB
(ˆ¯λAΓˆM ψˆBM + ˆ¯λAχˆB)
− 2
√
2g˜e−
1
4
φˆ ˆ¯ψaˆλˆIAξˆIaˆA −
√
2g˜e−
1
4
φˆCˆIAB
(ˆ¯λIAΓˆM ψˆBM + ˆ¯λIAχˆB)
]
, (5.1)
where now
HˆMNR = 3∂ˆ[M BˆNR] +
3
2
Fˆ[MN AˆR] +
3
2
ΩˆMNR ,
ΩˆMNR = Fˆ
I
[MN AˆR]I −
1
3
fIJKAˆ
I
[M Aˆ
J
N Aˆ
K
R] ,
DˆM Lˆαˆ
A = ∂ˆM Lˆαˆ
A + gAˆMTαˆ
βˆLˆβˆ
A + g˜AˆIMT
I
αˆ
βˆLˆβˆ
A ,
DˆM Lˆαˆ
aˆ = ∂ˆM Lˆαˆ
aˆ + gAˆMTαˆ
βˆLˆβˆ
aˆ + g˜AˆIMT
I
αˆ
βˆLˆβˆ
aˆ ,
ξˆIaˆ
A = LˆαˆaˆTIαˆ
βˆLˆβˆ
A , CˆIA
B = LˆαˆATIαˆ
βˆLˆβˆ
B , (5.2)
with all other definitions unchanged. The additional fields transform under supersymme-
try as
δAˆIM =
1
2
√
2
e−
1
4
φˆˆ¯ǫAΓˆM λˆ
I
A , δλˆ
IA =
1
4
√
2
e
1
4
φˆ Fˆ IMN Γˆ
MN ǫˆA −
√
2 g˜ e−
1
4
φˆCˆIAB ǫˆB . (5.3)
and the transformation of BMN is modified to
δBˆMN = Aˆ[MδAˆN ] + Aˆ
I
[MδAˆN ]I +
1
4
e−
1
2
φˆ
(
2ˆ¯ǫAΓˆ[M ψˆN ]A + 2
ˆ¯ψ
A
[M ΓˆN ]ǫˆA + ˆ¯ǫ
AΓˆMN χˆA − ˆ¯χAΓˆMN ǫˆA
)
.
(5.4)
28
The supersymmetry transformations of all other six-dimensional fields remain as shown
in (4.14). As before, we carry out the reduction by making the bosonic ansatz
Fˆ(2) =
1
2g
Ω(2) − F(2) , Fˆ I(2) = −F I(2) ,
Hˆ(3) = H(3) − 1
2g
A(1) ∧ Ω(2) , φˆ = ϕ− φ ,
eˆα = e
1
4
(ϕ+φ)eα , eˆa = e−
1
4
(ϕ+φ)ea ,
Lˆαa = Lαa , Lˆ
αa = L¯αa ,
Lˆα1 = Lα , Lˆ
α1 = L¯α ,
Lˆα′a = Lˆ
α′a = Lˆα′1 = Lˆ
α′1 = 0 , (5.5)
and the fermionic ansatz
ψˆ1α = e
− 1
8
(φ+ϕ)
[
ψα ⊗ η + 1
2
√
2
γα(χ + ζ)⊗ η
]
, χˆ1 =
1√
2
e−
1
8
(φ+ϕ)(χ− ζ)⊗ η ,
ψˆ1a = −
1
2
√
2
e−
1
8
(φ+ϕ)(χ+ ζ)⊗ σaη , ψˆa = e− 18 (φ+ϕ)ψa ⊗ η ,
λˆ1 = e−
1
8
(φ+ϕ)λ⊗ η , λˆI1 = e− 18 (φ+ϕ)λ⊗ η ,
ǫˆ1 = e
1
8
(φ+ϕ)ǫ⊗ η . (5.6)
The reduction then proceeds exactly as described in Section 4 except that upon considering
the ψˆ1α supersymmetry transformation and the ψˆ
a field equation, we find the additional
constraints
AˆµICˆ
I1
2 = AˆµICˆ
I2
1 = AˆµICˆ
Ia
a′ = AˆµICˆ
Ia′
a = 0 . (5.7)
Using our ansatz (4.62), we find that these constraints are solved by
AˆµIT
I
α
β′ = AˆµIT
I
α′
β = 0 , (5.8)
which means that the reduction breaks the six-dimensional gauging of some subgroup of
Sp(n, 1) to the part of that subgroup that lies within SU(n, 1).
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The reduced field equations found in this way can be integrated to give the action
S =
∫
d4xe
[
R− 1
2
∂µφ∂
µφ− 1
2
∂µϕ∂
µϕ− 1
2
e2φ∂µσ∂
µσ − 8g2e2ϕDµρDµρ− 4PµaP¯ µa
− 1
4
e−φFµνF
µν − 1
8
σǫµνρσFµνFρσ − 1
4
e−φF IµνF
µν
I −
1
8
σǫµνρσF IµνFρσI + 8e
φg˜2CICI − 4eφg2(1− eϕ)2
+ ψ¯µγ
µνρDνψρ + λ¯γ
µDµλ+ λ¯
IγµDµλI + χ¯γ
µDµχ+ ζ¯γ
µDµζ + ψ¯aγ
µDµψ
a
− 1
2
√
2
(
ψ¯µγ
νγµχ+ χ¯γµγνψµ
)
∂νφ− 1
2
√
2
(
ψ¯µγ
νγµζ + ζ¯γµγνψµ
)
∂νϕ
+
(
ψ¯µγ
νγµψaPνa + ψ¯aγ
µγνψµP¯ν
a
)
+
1
4
ieφ∂µσ
(
ψ¯νγ
µνρψρ +
√
2ψ¯νγ
µγνχ−
√
2χ¯γνγµψν + 3χ¯γ
µχ− ζ¯γµζ + λ¯γµλ+ λ¯IγµλI + ψ¯aγµψa
)
+ igeϕDµρ
(
ψ¯νγ
µνρψρ +
√
2ψ¯νγ
µγνζ −
√
2ζ¯γνγµψν + 3ζ¯γ
µζ − χ¯γµχ− λ¯γµλ− λ¯IγµλI + ψ¯aγµψa
)
+
1
8
e−
1
2
φFµν
(√
2ψ¯ργ
µνγρλ+
√
2λ¯γργµνψρ + 2χ¯γ
µνλ− 2λ¯γµνχ)
+
1
8
e−
1
2
φF Iµν
(√
2ψ¯ργ
µνγρλI +
√
2λ¯Iγ
ργµνψρ + 2χ¯γ
µνλI − 2λ¯Iγµνχ
)
− ige 12φ(eϕ − 1)(√2ψ¯µγµλ+√2λ¯γµψµ + 2λ¯χ− 2χ¯λ)− i4ge 12φeϕ(λ¯ζ − ζ¯λ)
−
√
2g˜e
1
2
φ(λ¯IψaξIa + ψ¯aλ
I ξ¯I
a)− g˜e 12φCI
(√
2λ¯Iγµψµ + ψ¯µγ
µλI + 2λ¯Iχ− 2χ¯λI)] ,
(5.9)
where
Qµ = L¯
αDµLα , Qµ
a
b = −L¯αaDµLαb ,
Pµa = L¯
αDµLαa , P¯µ
a = LαDµL¯
αa ,
DµLα = ∂µLα − g˜AIµTIαβLβ , DµL¯α = ∂µL¯α + g˜AIµTIβαL¯β ,
DµLαa = ∂µLαa − g˜AIµTIαβLβa , DµL¯αa = ∂µL¯αa + g˜AIµTIβαL¯βa ,
ξIa = L¯
αT Iα
βLβa , ξ¯
Ia = LαT
I
β
αLβb ,
CI = L¯αT Iα
βLβ . (5.10)
The action (5.9) is supersymmetric under the transformations (4.71) supplemented by
δAIµ = −
1
2
√
2
e
1
2
φ(ǫ¯γµλ
I − λ¯Iγµǫ) , δλI = − 1
4
√
2
e−
1
2
φFαβγ
αβǫ+
√
2g˜e
1
2
φCIǫ . (5.11)
5.1 A Reduction Example
As an example of a reduction of this sort we consider starting with six-dimensional N =
1 supergravity coupled to 28 hypermultiplets, for which the scalars describe the coset
Sp(28, 1)/(Sp(28)⊗ Sp(1)), and one vector multiplet gauging the U(1)R R-symmetry as
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described in Section 4. The coset representatives then have a rigid left-acting Sp(28, 1) and
local right-acting Sp(28)⊗ Sp(1). The rigid left-acting Sp(28, 1) has an Sp(28) subgroup
and we chose to introduce 133 vector multiplets in order to gauge an E7 subgroup of this
Sp(28) such that the irreducible 56 of Sp(28) remains an irreducible 56 under E7. This
gives an action of the form (5.1). We can then carry out the consistent reduction to four
dimensions on a sphere and monopole background using the ansatz (5.5) and (5.6).
As described in Section 4.4, it is only consistent to keep fluctuations in the hypermul-
tiplet scalars that describe a coset SU(28, 1)/(SU(28)⊗U(1)) and, as described in (5.8),
the gauged E7 symmetry is broken to the part that lies in SU(28, 1). This means that
the surviving massless gauge symmetry will be the part of E7 within Sp(28) (such that
the 56 of Sp(28) is the 56 of E7) that is also in the SU(28) within Sp(28) (such that the
56 of Sp(28) is the 28 + 2¯8 of SU(28) ).
To find the group describing this surviving gauge symmetry, we consider the 133
(56 × 56) matrix generators of E7 within Sp(28) whose construction is described in [14].
We then restrict these generators to linear combinations such that the (28 × 28) off-
diagonal blocks have only vanishing entries, so that (5.8) will be satisfied. This leaves
63 linear combinations which we can split into 63 (56 × 56) matrix generators T I′ of the
surviving gauge group, which we normalise such that
tr(T I
′
T J
′
) = δI
′J ′ . (5.12)
From these, we can calculate the structure constants of the surviving gauge group, which
we find to satisfy
f I
′K ′
L′f
J ′L′
K ′ =
4
3
δI
′J ′ . (5.13)
This means that the matrix representation of the surviving group that we have obtained
must have Dynkin index χ and dual Coxeter number8 h˜ such that h˜
χ
= 4
3
. Considering all
8For a set of group generators T a(r) in a representation r with a general normalisation, the Dynkin
index χr of r may be defined as
tr(T a(r)T
b
(r)) = −χrgab , (5.14)
where gab is the Cartan-Killing metric which is dependant on the normalisation of the generators T a(r) in
some particular representation. Then, defining the structure constants by [T a(r), T
b
(r)] = f
ab
cT
c
(r), the dual
Coxeter number h˜ of the group is given by
facdf
bd
c = −h˜gab , (5.15)
i.e. h˜ = χ(adjoint). If we then chose to normalise the generators in the representation r such that
tr(T a(r)T
b
(r)) = δ
ab, as in (5.12), then we find that
facdf
bd
c =
h˜
χr
δab . (5.16)
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dimension 63 subgroups of E7 that have a dimension 56 representation with this property
reveals that the 63 (56 × 56) matrix generators that we are left with must describe the
28 + 2¯8 of SU(8), so SU(8) becomes the surviving gauge group in this example. As
indicated in Section 4, the left-handed fermions arising from the reduction of the six-
dimensional hypermultiplets carry an index in the fundamental representation of SU(28),
so the theory is chiral with respect to this symmetry. This is actually a situation where
the left-handed charge conjugates of right-handed spinors that would have made the
theory vectorlike are simply absent. In fact, the corresponding right-handed spinors were
explicitly removed from the four-dimensional theory by the spinorial reduction ansatz
(4.41).
An alternative starting six-dimensional theory which is of some interest is the E6 ⊗
E7 ⊗ U(1)R anomaly-free theory of Ref. [6]. This theory has 456 hypermultiplets whose
scalars describe the coset Sp(456, 1)/(Sp(456)⊗Sp(1)). The E7 group here is the gauged
part of the rigid Sp(456) subgroup of the rigid left-acting Sp(456, 1) with the property
that the irreducible 912 of Sp(456) remains an irreducible 912 under E7. The U(1)R of this
theory is the gauged R-symmetry which will accommodate the monopole background in
our reduction, while the E6 remains external. The reduction of this theory on the sphere
and monopole background using the ansatz (5.5) and (5.6) goes much like the reduction
example considered above. This leads to a surviving massless gauge symmetry G in four
dimensions that is defined by the following conditions. It is product of the external E6
times that part of the E7 subgroup of Sp(456) (where the 912 of Sp(456) remains an
irreducible 912 of E7) that is also a subgroup of the SU(456) within Sp(456) (such that
the irreducible 912 of Sp(456) becomes the 456 + ¯456 of SU(456)).
By analogy with the previous example, we propose that this reduction will give a
reduced four-dimensional N = 1 supergravity coupled coupled to chiral matter contained
in multiplets whose scalars describe the coset SU(456, 1)/(SU(456) ⊗ U(1)R) of which
the SU(8) within the rigid SU(456) is gauged by vector multiplets (such that the 456 of
SU(456) becomes the 420 + 36 of SU(8)). The four-dimensional supergravity will also
be coupled to additional external vector multiplets in the adjoint of E6 together with a
vector multiplet gauging a U(1)R whose gauge field becomes massive by the Stueckelberg
mechanism as above. The left-handed fermions arising from the reduction of the six-
dimensional hypermultiplets will carry an index in the fundamental of the gauged SU(456)
so the theory is clearly chiral with respect to this symmetry.
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6 Conclusion
In this paper, we have studied the varieties of consistent reductions available to a class of
six-dimensional theories based on the original Salam-Sezgin model [3]. The key result is
the bifurcation that we have found in Section 3 between the previous reduction which re-
tains the sphere’s SU(2) gauge fields, but which proves to be non-chiral in four dimensions,
and the new reduction which abandons the SU(2) gauge fields in favour of a spontaneously
broken U(1)R, but allowing for a chiral theory in four dimensions. On general grounds,
one might have expected [15, 16] some link between the reduction of a higher-dimensional
theory on a background with nontrivial handedness and the preservation of chirality in
the lower-dimensional reduced theory. However, such general considerations are not suffi-
cient to elucidate details such as the loss of chirality when spherical isometry gauge fields
are turned on. Only a detailed investigation of the reduction possibilities allows for the
conditions of chirality preservation to be clearly established.
Although the new reduction carried out in Section 3 considers a consistent set of fluc-
tuations about the very same background as that used previously in [10], the result of the
new reduction is very different. This is because our new ansatz considers fluctuations in
the massive U(1)R gauge field (together with certain scalar modes) whereas the ansatz of
[10] considered fluctuations in the massless SU(2) gauge fields arising from the isometries
of the sphere. A consistent ansatz turning on fluctuations in both these sectors simul-
taneously is not possible. This is because doing so would cause explicit functions of the
internal space to appear in the reduced field equations. One place where this is clearly
seen is in the reduction of the metric field equation. Here the “miraculous” cancellation
described in [10] cannot occur once the U(1)R modes are turned on, thus dooming the con-
sistency of the four-dimensional system with both U(1)R and SU(2) gauge modes turned
on. There is therefore a genuine bifurcation in the consistent reduction possibilities down
to four dimensions.
The new consistent reduction scheme of Section 3 preserves four-dimensional chirality
only in a fairly weak sense, because the chirality of the four-dimensional fermions is
evidenced there only through couplings to the spontaneously broken, hence massive, U(1)R
gauge field. Accordingly, in order in order to generate more clearly chiral couplings in
the reduced theory, the class of six-dimensional models was extended in Section 4 by
coupling in hypermultiplets and in Section 5 the gauging was extended by the inclusion of
additional gauge multiplets. We then found that it is consistent to consider fluctuations
in the a subset of the additional gauge fields, corresponding to a subgroup of the original
gauge symmetries, together with the fluctuations of the massive U(1)R. We note, however,
that it still does not seem possible to turn on any fluctuations in the additional gauge
symmetries if the SU(2) fluctuations arising from the sphere’s isometries are turned on
instead of the U(1)R fluctuations. This reduction inconsistency happens in an exactly
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analogous way to that seen when trying to simultaneously turn on the SU(2) and U(1)R
gauge fluctuations. For this reason, the new branch of consistent fluctuations is the more
potentially interesting for four-dimensional phenomenology.
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A Conventions
In this work, we have used conventions where
∗ω(r) = 1
r!(d− r)!ǫα1...αd−r
β1...βrωβ1...βre
α1 ∧ . . . ∧ eαd−r (A.1)
ω(r) ∧ η(s) = 1
r!s!
ωα1...αrηβ1...βse
α1 ∧ . . . ∧ eαr ∧ eβ1 ∧ . . . eβs (A.2)
RˆMN = Rˆ
R
MRN RMN
AB = ∂MωN
AB + . . . (A.3)
Γˆ7 = Γˆ0 . . . Γˆ5 , ˆ¯χ = iχˆ
†Γˆ0 (A.4)
γ5 = iγ0 . . . γ3 χ¯ = iχ
†γ0 (A.5)
ˆ¯χA = i(χˆA)
†Γˆ0 = (χˆ
A)T ˆ¯ψaˆ = i(ψˆaˆ)
†Γˆ0 = (
ˆ¯ψaˆ)T ψ¯a = i(ψ
a)†Γˆ0 (A.6)
γαβγδ = iγ5ǫ
αβγδ ǫˆ012345 = ǫ0123 = 1 (A.7)
[ΓA,ΓB] = 2ηAB ηAB = diag(−,+, ...,+) (A.8)
Γˆα = γα ⊗ σ3 Γˆa = 1l⊗ σa Γˆ7 = γ5 ⊗ σ3 (A.9)
CˆΓˆACˆ
−1 = −ΓˆTA Cˆ = C ⊗ σ2 . (A.10)
34
References
[1] M. J. Duff, B. E. W. Nilsson and C. N. Pope, “Kaluza-Klein Supergravity,” Phys.
Rept. 130 (1986) 1.
[2] C. M. Hull and N. P. Warner, “Noncompact Gaugings from Higher Dimensions,”
Class. Quant. Grav. 5 (1988) 1517.
[3] A. Salam and E. Sezgin, “Chiral Compactification On Minkowski x S2 Of N = 2
Einstein-Maxwell Supergravity In Six-Dimensions,” Phys. Lett. B 147, 47 (1984).
[4] M. Cvetic, G. W. Gibbons and C. N. Pope, “A string and M-theory origin for the
Salam-Sezgin model,” Nucl. Phys. B 677, 164 (2004) [arXiv:hep-th/0308026].
[5] Y. Aghababaie, C. P. Burgess, S. L. Parameswaran and F. Quevedo, “Towards a
naturally small cosmological constant from branes in 6D supergravity,” Nucl. Phys.
B 680, 389 (2004) [arXiv:hep-th/0304256].
[6] S. Randjbar-Daemi, A. Salam, E. Sezgin, J. A. Strathdee, “An Anomaly Free Model
in Six-Dimensions,” Phys. Lett. B151, 351-356 (1985).
[7] S. Ferrara, R. Minasian, A. Sagnotti, “Low-energy analysis of M and F theories on
Calabi-Yau threefolds,” Nucl. Phys. B474, 323-342 (1996). [hep-th/9604097].
[8] P. Horava, E. Witten, “Eleven-dimensional supergravity on a manifold with bound-
ary,” Nucl. Phys. B475, 94-114 (1996). [hep-th/9603142].
[9] T. G. Pugh, E. Sezgin and K. S. Stelle, “D=7 / D=6 Heterotic Supergravity with
Gauged R-Symmetry,” JHEP 1102, 115 (2011) [arXiv:1008.0726 [hep-th]].
[10] G. W. Gibbons and C. N. Pope, “Consistent S2 Pauli reduction of six-dimensional
chiral gauged Einstein-Maxwell supergravity,” Nucl. Phys. B 697, 225 (2004)
[arXiv:hep-th/0307052].
[11] H. Lu, C. N. Pope and K. S. Stelle, “Consistent Pauli sphere reductions and the
action,” Nucl. Phys. B 782 (2007) 79 [arXiv:hep-th/0611299].
[12] H. Nishino, E. Sezgin, “The Complete N = 2, D = 6 Supergravity With Matter And
Yang-mills Couplings,” Nucl. Phys. B278, 353-379 (1986).
[13] H. Nishino and E. Sezgin, “New couplings of six-dimensional supergravity,” Nucl.
Phys. B 505, 497 (1997) [arXiv:hep-th/9703075].
[14] S. L. Cacciatori, F. D. Piazza, A. Scotti, “E7 groups from octonionic magic square,”
[arXiv:1007.4758 [math-ph]].
35
[15] C. Wetterich, “Chirality Index And Dimensional Reduction Of Fermions,” Nucl.
Phys. B 223 (1983) 109.
[16] E. Witten, “Fermion Quantum Numbers In Kaluza-Klein Theory,” in Proc. Shelter
Island II Conference, 1-2 June 1983 (MIT Press, Cambridge, Massachusetts, USA,
1985).
36
